Published by Institute of Physics Publishing for SISSA/ISAS Received: January 31, 2005 Accepted: February 18, 2005

Massive 4D, N = 1 superspin 1 & 3/2 multiplets and dualities

Ioseph L. Buchbinder,^a S. James Gates Jr.,^b Sergei M. Kuzenko^c and Joseph Phillips^{bd} aDepartment of Theoretical Physics, Tomsk State Pedagogical University 634041 Tomsk, Russia bCenter for String and Particle Theory, Department of Physics, University of Maryland College Park, MD 20742-4111 U.S.A.

cSchool of Physics, The University of Western Australia Crawley, W.A. 6009, Australia dInstitute for Fundamental Theory, Department of Physics, University of Florida Gainesville, FL, 32611, U.S.A.

E-mail: joseph@tspu.edu.ru, gatess@wam.umd.edu, kuzenko@cyllene.uwa.edu.au,

ferrigno@physics.umd.edu

Abstract: Lagrangians for several new off-shell 4D, N = 1 supersymmetric descriptions of massive superspin-1 and superspin-3/2 multiplets are described. Taken together with the models previously constructed, there are now four off-shell formulations for the massive gravitino multiplet (superspin-1) and six off-shell formulations for the massive graviton multiplet (superspin-3/2). Duality transformations are derived which relate some of these dynamical systems.

Keywords: Supersymmetry and Duality, Supersymmetric Effective Theories.

© SISSA/ISAS 2005 http://jhep.sissa.it/archive/papers/jhep022005056 /jhep022005056 .pdf

Contents

1. Introduction 1

2. Massive gravitino multiplets 3

3. Massive graviton multiplets 6 3.1 Massive extensions of type I supergravity 7 3.2 Massive extensions of type II supergravity 8 3.3 Massive extensions of type III supergravity 8

4. Summary 9

A. Derivation of (2.19) 10

B. Derivation of (3.15) 11

1. Introduction

Different aspects of higher spin field theory in various dimensions attract considerable attention currently. First of all, higher spin fields and their possible interactions bring about numerous challenges for theoreticians. More importantly, massive higher spin states are known to be present in the spectra of the string and superstring theories. It is therefore quite natural to expect that, in a field theory limit, the superstring theory should reduce to a consistent interacting supersymmetric theory of higher spin fields.

In four space-time dimensions, lagrangian formulations for massive fields of arbitrary spin were constructed thirty years ago [1]. A few years later, the massive construction of [1] was used to derive lagrangian formulations for gauge massless fields of arbitrary spin [2]. Since then, there have been published hundreds of papers in which the results of [1, 2] were generalized, (BRST) reformulated, extended, quantized, and so forth. Here it is hardly possible to comment upon these heroic follow-up activities. We point out only several reviews [3] and some recent papers [4].

One of the interesting directions in higher spin field theory is the construction of manifestly supersymmetric extensions of the models given in [1, 2]. In the massless case, the problem has actually been solved in [5, 6] (see [7] for a review and [8] for generalizations). For each superspin Y > 3/2, these publications provide two dually equivalent off-shell realizations in 4D, N = 1 superspace. At the component level, each of the two superspin- Y actions [5, 6] reduces to a sum of the spin-Y and spin-(Y +1/2) actions [2] upon imposing a Wess-Zumino-type gauge and eliminating the auxiliary fields. On the mass shell, the only

– 1 – independent gauge-invariant field strengths in these models are exactly the higher spin onshell field strengths first identified in “Superspace” [9]. As concerns the massive case, off-shell higher spin supermultiplets have never been constructed in complete generality.

In 4D, N = 1 Poincaré supersymmetry, a massive multiplet of superspin Y describes four propagating fields with the same mass but different spins s = (Y − 1/2, Y, Y, Y + 1/2), see, e.g., [7, 9] for reviews. The first attempts^1 to attack the problem of constructing free off-shell massive higher spin supermultiplets were undertaken in recent works [10]–[12] that were concerned with deriving off-shell realizations for the massive gravitino multiplet (Y = 1) and the massive graviton multiplet (Y = 3/2). This led to two Y = 3/2 formulations constructed in [10] and one Y = 1 formulation derived in [11]. The results of [10] were soon generalized [12] to produce a third Y = 3/2 formulation.

In the present letter, we continue the research started in [10, 11] and derive two new off-shell realizations for the massive gravitino multiplet, and three new off-shell realizations for the massive graviton multiplet. Altogether, there now occur four massive Y = 1 models (in conjunction with the massive Y = 1 model constructed by Ogievetsky and Sokatchev years ago [14]) and six massive Y = 3/2 models. We further demonstrate that these realizations are related to each other by duality transformations similar to those which relate massive tensor and vector multiplets, see [15] and references therein.

It is interesting to compare the massive and massless results in the case of the Y = 3/2 multiplet. In the massless case, there are three building blocks to construct minimal^2 linearized supergravity [16]. They correspond to (i) old minimal supergravity (see [7, 9] for reviews); (ii) new minimal supergravity (see [7, 9] for reviews); (iii) the novel formulation derived in [10]. These off-shell (3/2, 2) supermultiplets, which comprise all the supergravity multiplets with 12 + 12 degrees of freedom, will be called type I, type II and type III supergravity multiplets^3 in what follows, in order to avoid the use of unwieldy terms like “new new minimal” or “very new” supergravity. As is demonstrated below, each of the massless type I–III formulations admits a massive extension, and the latter turns out to possess a nontrivial dual. As a result, we have now demonstrated that there occur at least six off-shell distinct massive Y = 3/2 minimal realizations.

This paper is organized as follows. In section 2, we derive two new (dually equivalent) formulations for the massive gravitino multiplet. They turn out to be massive extensions of the two standard off-shell formulations for the massless spin (1, 3/2) supermultiplet discovered respectively in [17]–[19] and [20]. In section 3, we derive three new formulations for the massive graviton multiplet. Duality transformations are also worked out that relate all the massive Y = 3/2 models. A brief summary of the results obtained is given in section 4. The paper is concluded by two technical appendices. Our superspace conventions mostly follow [7] except the following two from [9]: (i) the symmetrization of n indices does not involve a factor of (1/n!); (ii) given a four-vector v_a, we define v_a ≡ v_{αα̇} = (σ^a)_{αα̇}v_a.

1Some preliminary results were also obtained in [13].

2To our knowledge, no investigations have occured for the possible existence of a massive non-minimal Y = 3/2 theory.

3In the case of type III supergravity, a nonlinear formulation is still unknown.

– 2 –

2. Massive gravitino multiplets

We start by recalling the off-shell formulation for massless (matter) gravitino multiplet introduced first in [17, 18] at the component level and then formulated in [19] in terms of superfields (see also [21]). The action derived in [19] is

S_{(1,} 3_{2 )}[Ψ, V ] = Ŝ[Ψ] + ∫ d^8z { Ψ^αW_α + Ψ_{α̇}W^{α̇} } − 1 4 ∫ d^6z W^αW_α ,

W_α = − 1 4 D^2D^αV , (2.1)

where Ŝ[Ψ] = ∫ d^8z { D^αΨ^{α̇}D_{α̇}Ψ_α − 1 4 D^{α̇}Ψ^αD_{α̇}Ψ_α − 1 4 D_αΨ_{α̇}D^αΨ^{α̇} } . (2.2)

This massless Y = 1 model is actually of some interest in the context of higher spin field theory. As mentioned in the introduction, there exist two dually equivalent gauge superfield formulations (called longitudinal and transverse) [6] for each massless integer Y ≥ 1, see [7] for a review. The longitudinal series^4 terminates, at Y = 1, exactly at the action (2.1).

To describe a massive gravitino multiplet, we introduce an action S = S_{(1,} 3_{2 )}[Ψ, V ] + S_m[Ψ, V ], where S_m[Ψ, V ] stands for the mass term

S_m[Ψ, V ] = m ∫ d^8z { Ψ^2 + Ψ^2 + αmV^2 + V ( βD^αΨ_α + β^∗D_{α̇}Ψ^{α̇} )} , (2.3)

where α and β are respectively real and complex parameters. These parameters should be fixed by the requirement that the equations of motion be equivalent to the constraints

i∂_aΨ^{α̇} + mΨ_α = 0 , D^αΨ_α = 0 , D^2Ψ_α = 0 , (2.4)

required to describe an irreducible on-shell multiplet with Y = 1, see [7, 11]. In the space of spinor superfields obeying the Klein-Gordon equation, (□ − m^2)Ψ_α = 0, the second and third constraints in (2.4) are known to select the Y = 1 subspace [7] (see also [22]). Without imposing additional constraints (such as the first one in (2.4)), the superfields Ψ_α and Ψ_{α̇} describe two massive Y = 1 representations. Generally, an irreducible representation emerges if these superfields are also subject to a reality condition of the form

∂_aΨ^{α̇} + m e^{iφ} Ψ_α = 0 , |e^{iφ}| = 1 , (2.5)

where φ a constant real parameter. As is obvious, the latter constraint implies the Klein- Gordon equation. Applying a phase transformation to Ψ_α, allows us to make the choice e^{iφ} = −i corresponding to the Dirac equation.

The equations of motion corresponding to S = S_{(1,} 3_{2 )}[Ψ, V ] + S_m[Ψ, V ] are:

−D_{α̇}D_αΨ^{α̇} + 1 2 D^2Ψ_α + 2mΨ_α + W_α − βmD_αV = 0 , (2.6) 1 2 D^αW_α + (1 4 D^αD^2Ψ_α + βmD^αΨ_α + c.c. ) + 2αm^2V = 0 . (2.7)

4The transverse series terminates at a non-minimal gauge formulation for the massless gravitino multiplet realized in terms of an unconstrained real scalar V and Majorana γ-traceless spin-vector Ψa = (Ψ_{aβ} , Ψa^{β̇} ), with γ^aΨa = 0.

– 3 –

Multiplying (2.6) and (2.7) by D^2 yields:

D^2Ψ_α = −2βW_α , D^2D^αΨ_α = −2 α β mD^2V . (2.8)

Next, substituting these relations into the contraction of D^α on (2.6) leads to:

mD^αΨ_α = 1 2 (β + β^∗ − 1)D^αW_α + β 2 ( 1 + α |β|^2 ) mD^2V . (2.9)

Substitute these three results into (2.7) gives 1 2 (1 − β − β^∗)^2D^αW_α + 1 2 m ( 1 + α |β|^2 ) [β^2D^2 + (β^∗)^2D^2]V + 2αm^2V = 0 . (2.10)

This equation implies that V is auxiliary, V = 0, if

β + β^∗ = 1 , α = −|β|^2 . (2.11)

Then, the mass-shell conditions (2.4) also follow.^5

The final action takes the form:

S[Ψ, V ] = Ŝ[Ψ] + ∫ d^8z { Ψ W + Ψ W } − 1 4 ∫ d^6z W^2 + + m ∫ d^8z { Ψ^2 + Ψ^2 − |β|^2mV^2 + V ( βD Ψ + β^∗D Ψ )} , (2.12)

where β + β^∗ = 1. A superfield redefinition of the form Ψ_α → Ψ_α + δ D^2Ψ_α can be used to change some coefficients in the action.

The lagrangian constructed turns out to possess a dual formulation. For simplicity, we choose β = 1/2 in (2.12). Let us consider, following [15], the “first-order” action

S_{Aux} = Ŝ[Ψ] + ∫ d^8z { m(Ψ^2 + Ψ^2) + Ψ W + Ψ W − m^2 4 V^2 + m 2 V (D Ψ + D Ψ) } + + 1 2 { m ∫ d^6z η^α ( W_α + 1 4 D^2D^αV ) − 1 4 ∫ d^6z W^2 + c.c. } . (2.13)

Here W_α and η_α are unconstrained chiral spinor superfield, and there is no relationship between V and W_α. Varying S_{Aux} with respect to η_α brings us back to (2.12). On the other hand, if we vary S_{Aux} with respect to V and W_α and eliminate these superfields, we then arrive at the following action:

S̃ = Ŝ[Ψ] + ∫ d^8z { m(Ψ^2 + Ψ^2) + 1 4 ( D(Ψ + η) + D(Ψ + η)

)_2} + + 1 8 {∫ d^6z ( 2mη − D^2Ψ

)_2

+ c.c. } . (2.14)

5One can consider more general actions in which the term m(Ψ^2 + Ψ^2) in (2.3) is replaced by (μ Ψ^2 + μ^∗ Ψ^2), with μ a complex mass parameter, |μ| = m. Then, the first equation in (2.11) turns into β/μ + (β/μ)^∗ = 1/m.

– 4 –

Implementing here the shift Ψ_α → Ψ_α − η_α , (2.15)

brings the action to the form

S̃ = Ŝ[Ψ] + 1 4 ∫ d^8z ( D Ψ + D Ψ

)_2 − 1 2 ∫ d^8z { Ψ^αD^2Ψ_α + Ψ_{α̇}D^2Ψ^{α̇} } + + m ∫ d^8z { Ψ^2 + Ψ^2 } + m^2 2 {∫ d^6z η^2 + c.c. } . (2.16)

As is seen, the chiral spinor superfield η_α has completely decoupled! Therefore, the dynamical system obtained is equivalent to the following theory

S[Ψ] = Ŝ[Ψ] + 1 4 ∫ d^8z ( D Ψ + D Ψ

)_2 − 1 2 ∫ d^8z { Ψ^αD^2Ψ_α + Ψ_{α̇}D^2Ψ^{α̇} } + + m ∫ d^8z { Ψ^2 + Ψ^2 } , (2.17)

formulated solely in terms of the unconstrained spinor Ψ_α and it conjugate. Applying the phase transformation Ψ_a → i Ψ_α, it is seen that the action obtained is actually equivalent to S[Ψ] = Ŝ[Ψ] − 1 4 ∫ d^8z ( D Ψ − D Ψ )_2 + m ∫ d^8z { Ψ^2 + Ψ^2 } . (2.18)

It is interesting to compare (2.18) with the action for massive Y = 1 multiplet obtained by Ogievetsky and Sokatchev [14]. Their model is also formulated solely in terms of a spinor superfield. The corresponding action^6 is

S_{OS}[Ψ] = Ŝ[Ψ] + 1 4 ∫ d^8z ( DΨ + DΨ

)_2 + i m ∫ d^8z ( Ψ^2 − Ψ^2 ) , (2.19)

see appendix A for its derivation.^7 The actions (2.18) and (2.19) look similar, although it does not seem possible to transform one to the other off the mass shell.

In fact, the model (2.14), which is equivalent to (2.18), can be treated as a massive extension of the Ogievetsky-Sokatchev model for massless gravitino multiplet [20]. Indeed, implementing in (2.14) the shift

Ψ_α → Ψ_α + i 2m D^2Ψ_α , η_α → η_α − i 2m D^2Ψ_α , (2.20)

which leaves Ŝ[Ψ] invariant, we end up with

S[Ψ, η] = S_{(1,} 3_{2 )}[Ψ, G] + m ∫ d^8z { Ψ^2 + Ψ^2 + 2(1 + i)Ψη + 2(1 − i)Ψη } + + m^2 2 {∫ d^6z η^2 + c.c. } , (2.21)

6Setting m = 0 in (2.19) gives the model for massless gravitino multiplet discovered in [20]. 7It was argued in [11] that there are no lagrangian formulations for massive superspin-1 multiplet solely in terms of an unconstrained spinor superfield and its conjugate. The “proof” given in [11] is incorrect, as shown by the two counter-examples (2.18) and (2.19).

– 5 – where

S_{(1,} 3_{2 )}[Ψ, G] = Ŝ[Ψ] + ∫ d^8z ( G + 1 2 (D Ψ + D Ψ)

)_2 , G = 1 2 (D^αη_α + D_{α̇}η^{α̇}) . (2.22)

Here G is the linear superfield, D^2G = D^2G = 0, associated with the chiral spinor η_α and its conjugate. The action S_{(1,} 3_{2 )}[Ψ, G] corresponds to the Ogievetsky-Sokatchev formulation for massless gravitino multiplet [20] as presented in [7].

Before concluding this section, it is worth recalling one more possibility to describe the massless gravitino multiplet [7, 19]

S_{(1,} 3_{2 )}[Ψ, Φ] = Ŝ[Ψ] − 1 2 ∫ d^8z { ΦΦ + (Φ + Φ)(D Ψ + D Ψ) } , (2.23)

with Φ a chiral scalar, D_{α̇}Φ = 0. The actions (2.1) and (2.23) can be shown to correspond to different partial gauge fixings in the mother theory

S_{(1,} 3_{2 )}[Ψ, V, Φ] = Ŝ[Ψ] + ∫ d^8z { Ψ W + Ψ W } − 1 4 ∫ d^6z W^2 − − 1 2 ∫ d^8z { ΦΦ + (Φ + Φ)(D Ψ + D Ψ) } , (2.24)

possessing a huge gauge freedom, see [7, 19] for more details. The massive extension of (2.23) was derived in [11] and the corresponding action is

S[Ψ, Φ] = S_{(1,} 3_{2 )}[Ψ, Φ] + m ∫ d^8z (Ψ^2 + Ψ^2) − m 4 { ∫ d^6z Φ^2 + c.c. } . (2.25)

Unlike its massless limit, this theory does not seem to admit a nice dual formulation.

3. Massive graviton multiplets

The massive Y = 3/2 multiplet (or massive graviton multiplet) can be realized in terms of a real (axial) vector superfield H_a obeying the equations [7, 10, 22]

(□ − m^2)H_a = 0 , D^αH_a = 0 , D^{α̇}H_a = 0 −→ ∂^aH_a = 0 . (3.1)

We are interested in classifying those supersymmetric theories which generate these equations as the equations of motion.

In what follows, we will use a set of superprojectors [23] for the real vector superfield H_a:

(Π^T_1 )H_a := 1 32 □^{−2}∂_{α̇}^β{D^2, D^2}∂_{(α}^{β̇}H_{β)β̇} , (3.2)

(Π^T_{1/2})H_a := 1 8 · 3!

□^{−2}∂_{α̇}^βD_{(α}D^2D^γ (∂_{β)}^{β̇}H_{γβ̇} + ∂_{|γ|}^{β̇}H_{β)β̇} ) , (3.3)

(Π^T_{3/2})H_a := − 1 8 · 3!

□^{−2}∂_{α̇}^βD^γ D^2D_{(γ} ∂_α^{β̇}H_{β)β̇} , (3.4)

(Π^L_0 )H_a := − 1 32 ∂_a□^{−2}{D^2, D^2}∂^cH_c , (3.5)

(Π^L_{1/2})H_a := 1 16 ∂_a□^{−2}D^βD^2D_β∂^cH_c . (3.6)

– 6 –

In terms of the superprojectors introduced, we have [16]

D^γ D^2D_γ H_a = −8□ ( Π^L_{1/2} + Π^T_{1/2} + Π^T_{3/2} ) H_a , (3.7)

∂_a ∂^bH_b = −2□ ( Π^L_0 + Π^L_{1/2} ) H_a , (3.8) [ D_α, D_{α̇} ] [ D_β, D_{β̇} ] H^b = □ ( 8Π^L_0 − 24Π^T_{1/2} ) H_a . (3.9)

3.1 Massive extensions of type I supergravity

Consider the off-shell massive supergravity multiplet derived in [12]

S^{(IA)}[H, P ] = S^{(I)}[H, Σ] − 1 2 m^2 ∫ d^8z { H^aH_a − 9 2 P^2 } , (3.10)

where the massless part of the action takes the form

S^{(I)}[H, Σ] = ∫ d^8z { H^a□ ( − 1 3 Π^L_0 + 1 2 Π^T_{3/2} ) H_a − i(Σ − Σ)∂^aH_a − 3ΣΣ } , Σ = − 1 4 D^2P , P = P , (3.11)

and this corresponds to a linearized form of type I (old minimal) supergravity that has only appeared in the research literature [24]. It has not been discussed in textbooks such as [7, 9]. The distinctive feature unique to this theory is that its set of auxiliary fields contains one axial vector, one scalar and one three-form (S, C_{a b c}, A_a). Interestingly enough and to our knowledge, there has never been constructed a massive theory that contains the standard auxiliary fields of minimal supergravity (S, P , A_a). This fact may be of some yet-to-be understood significance.

The theory with action S^{(IA)}[H, P ] turns out to possess a dual formulation. Let us introduce the “first-order” action

S_{Aux} = ∫ d^8z { H^a□ ( − 1 3 Π^L_0 + 1 2 Π^T_{3/2} ) H_a − 1 2 m^2H^aH_a − U∂^aH_a − − 3 2 U^2 + 9 4 m^2P^2 + 3mV ( U + 1 4 D^2P + 1 4 D^2P )} , (3.12)

where U and V are real unconstrained superfields. Varying V brings us back to (3.10). On the other hand, we can eliminate U and P using their equations of motion. With the aid of (3.8), this gives

S^{(IB)}[H, P ] = ∫ d^8z { H^a□ ( 1 3 Π^L_{1/2} + 1 2 Π^T_{3/2} ) H_a − 1 2 m^2H^aH_a − − 1 16 V {D^2, D^2}V − mV ∂^aH_a + 3 2 m^2V^2 } . (3.13)

This is one of the two formulations for the massive Y = 3/2 multiplet constructed in [10].

– 7 –

3.2 Massive extensions of type II supergravity

Let us now turn to type II (or new minimal) supergravity. Its linearized action is

S^{(II)}[H, U] = ∫ d^8z { H^a□ ( −Π^T_{1/2} + 1 2 Π^T_{3/2} ) H_a + 1 2 U[D_α, D_{α̇}]H^a + 3 2 U^2 } , U = D^αχ_α + D_{α̇}χ^{α̇} , D_{α̇}χ_α = 0 , (3.14)

with χ_α an unconstrained chiral spinor. It possesses a unique massive extension

S^{(IIA)}[H, χ] = S^{(II)}[H, U] − 1 2 m^2 ∫ d^8z H^aH_a + 3m^2 {∫ d^6z χ^2 + c.c. } (3.15)

which is derived in appendix B.

The theory (3.15) admits a dual formulation. Let us consider the following “first-order” action

S_{Aux} = ∫ d^8z { H^a□ ( −Π^T_{1/2} + 1 2 Π^T_{3/2} ) H_a − 1 2 m^2H^aH_a + 1 2 U[D_α, D_{α̇}]H^a + 3 2 U^2 − − 6mV ( U − D^αχ_α − D_{α̇}χ^{α̇} ) } + 3m^2 {∫ d^6z χ^αχ_α + c.c. } , (3.16)

in which U and V are real unconstrained superfields. Varying V gives the original action (3.15). On the other hand, we can eliminate the independent real scalar U and chiral spinor χ_α variables using their equations of motion. With the aid of (3.9) this gives

S^{(IIB)}[H, V ] = ∫ d^8z { H^a□ ( − 1 3 Π^L_0 + 1 2 Π^T_{3/2} ) H_a − 1 2 m^2H^aH_a +

+ mV [D_α, D_{α̇}]H^a − 6m^2V^2 } − 6 ∫ d^6z W^αW_α , (3.17)

where W_α is the vector multiplet field strength defined in (2.1). The obtained action (3.17) constitutes a new formulation for massive supergravity multiplet.

3.3 Massive extensions of type III supergravity

Let us now turn to linearized type III supergravity [10]

S^{(III)}[H, U] = ∫ d^8z { H^a□ ( 1 3 Π^L_{1/2} + 1 2 Π^T_{3/2} ) H_a + U∂_aH^a + 3 2 U^2 } , U = D^αχ_α + D_{α̇}χ^{α̇} , D_{α̇}χ_α = 0 , (3.18)

with χ_α an unconstrained chiral spinor. It possesses a unique massive extension

S^{(IIIA)}[H, χ] = S^{(III)}[H, U] − 1 2 m^2 ∫ d^8z H^aH_a − 9m^2 {∫ d^6z χ^2 + c.c. } , (3.19)

and its derivation is very similar to that of (3.15) given in appendix B.

– 8 –

Similarly to the type II case considered earlier, the theory (3.19) admits a dual formulation. Let us introduce the “first-order” action

S_{Aux} = ∫ d^8z { H^a□ ( 1 3 Π^L_{1/2} + 1 2 Π^T_{3/2} ) H_a − 1 2 m^2H^aH_a + U∂_aH^a + 3 2 U^2 + + 3mV ( U − D^αχ_α − D_{α̇}χ^{α̇} )} − 9m^2 {∫ d^6z χ^αχ_α + c.c. } , (3.20)

in which U and V are real unconstrained superfields. Varying V gives the original action (3.19). On the other hand, we can eliminate the independent real scalar U and chiral spinor χ_α variables using their equations of motion. With the aid of (3.8) this gives

S^{(IIIB)}[H, V ] = ∫ d^8z { H^a□ ( − 1 3 Π^L_0 + 1 2 Π^T_{3/2} ) H_a − 1 2 m^2H^aH_a − − mV ∂_aH^a − 3 2 m^2V^2 } + 1 2 ∫ d^6z W^αW_α , (3.21)

with the vector multiplet field strength W_α defined in eq. (2.1). This is one of the two formulations for the massive Y = 3/2 multiplet constructed in [10]. The other formulation is given by the action (3.13).

4. Summary

We have formulated new free superfield dynamical theories for massive multiplets of superspin Y = 1 and Y = 3/2. We have shown that these new theories are dually equivalent to the theories with corresponding superspin given previously in the literature [10]–[12]. Although the theories with a fixed and specific value of Y are on-shell equivalent, they differ from one another by distinctive sets of auxiliary superfields (see discussion of this point in [10]). The existence of their varied and distinctive off-shell structures together with their on-shell equivalence comes somewhat as a surprise.

This surprise suggests that there is much remaining work to be done in order to understand and classify the distinct off-shell representations for all multiplets with higher values of Y in both the massless and massive cases. Our results raise many questions. For example, for a fixed value of Y what massless off-shell representations possess massive extensions? How does the number of such duality related formulations depend on the value of Y ? Are there even more off-shell possibilities for the massless theories uncovered in the works of [5, 6]? Another obvious question relates to the results demonstrated in the second work of [8]. In this past work, it was shown that there is a natural way to combine 4D, N = 1 massless higher spin supermultiplets into 4D, N = 2 massless higher spin supermultiplets. Therefore, we are led to expect that it should be possible to combine 4D, N = 1 massive higher spin supermultiplets into 4D, N = 2 massive higher spin supermultiplets. As we presently only possess four Y = 1 and six Y = 3/2 4D, N = 1 supermultiplets, the extension to 4D, N = 2 supersymmetry promises to be an interesting study for the future.

All of these questions bring to the fore the need for a comprehensive understanding of the role of duality for arbitrary Y supersymmetric representations, of both the massless

– 9 – and massive varieties. In turn this raises the even more daunting specter of understanding the role of duality within the context of superstring/M-theory. To our knowledge the first time the question was raised about the possibility of dually related superstrings was in 1985 [25] and there the question concerns on-shell dually related theories. So for both onshell and off-shell theories we lack a complete understanding of duality. The most successful descriptions of superstrings are of the type pioneered by Berkovits (see [13] and references therein). As presently formulated, there is no sign of duality in that formalism. So does the superstring uniquely pick out representations among the many dual varieties suggested by our work?

Acknowledgments

The work of I.L.B. was supported in part by the RFBR grant, project No. 03-02-16193, joint RFBR-DFG grant, project No. 02-02-04002, the DFG grant, project No. 436 RUS 113/669, the grant for LRSS, project No. 125.2003.2 and INTAS grant, project INTAS-03- 51-6346. The work of S.J.G. and J.P. is supported in part by National Science Foundation Grant PHY-0099544. The work of S.M.K. is supported in part by the Australian Research Council.

A. Derivation of (2.19)

Let us start with the action

S[Ψ] = Ŝ[Ψ] + 1 4 ∫ d^8z ( D Ψ + D Ψ

)_2 + ∫ d^8z ( μΨ^2 + μ^∗ Ψ^2 ) , (A.1)

where the functional Ŝ[Ψ] is defined in (2.2), and μ is a complex mass parameter to be specified later. The action (A.1) with μ = 0 describes the Ogievetsky-Sokatchev model for the massless gravitino multiplet [20]. We are going to analyze whether this action with μ ≠ 0 can be used to consistently describe the massive gravitino multiplet dynamics. The equation of motion for Ψ^α is

−D_{α̇}D_αΨ^{α̇} + 1 2 D^2Ψ_α − 1 2 D_α(D Ψ + D Ψ) + 2μ Ψ_α = 0 . (A.2)

It implies − 1 4 D^2D_α(D Ψ + D Ψ) + μ D^2Ψ_α = 0 , (A.3)

and therefore

0 = − 1 4 D^αD^2D_α(D Ψ + D Ψ) + μ D^αD^2Ψ_α (A.4) = − 1 4 D^αD^2D_α(D Ψ + D Ψ) + μ D^2(D Ψ + D Ψ) + 4iμ ∂^aD_{α̇}Ψ_α . (A.5)

Since the first term on the right is real and linear, we further obtain

μ D^αD^2Ψ_α = μ^∗ D_{α̇}D^2Ψ^{α̇} , (A.6) D^2D^2(D Ψ + D Ψ) + 4iμ ∂^aD^2D_{α̇}Ψ_α = 0 . (A.7)

– 10 –

Since the operator D^2D^α annihilates chiral superfields, applying it to (A.2) and making use of (A.7), we then obtain

D^2(D Ψ + D Ψ) = D^2(D Ψ + D Ψ) = 0 . (A.8)

Next, contracting D^α on (A.2) and making use of (A.8) gives

i∂^a(D_{α̇}Ψ_α + D_αΨ_{α̇}) + μ D Ψ = 0 . (A.9)

We also note that, due to (A.8), the equation (A.6) is now equivalent to ∂^a(μ D_{α̇}Ψ_α − μ^∗ D_αΨ_{α̇}) = 0. Therefore, with the choice μ = i m, where m is real, we end up with

D Ψ = D Ψ = 0 . (A.10)

Then, eq. (A.3) becomes D^2Ψ_α = 0 . (A.11)

Finally, the equation of motion (A.2) reduces to

∂_aΨ^{α̇} + m Ψ_α = 0 . (A.12)

Eqs. (A.10)–(A.12) define an irreducible Y = 1 massive representation. They are equivalent to the equations of motion in the Ogievetsky-Sokatchev model (2.19).

B. Derivation of (3.15)

Let us consider an action S = S^{(II)}[H, U] + S_m[H, χ], where S^{(II)}[H, U] is the type II supergravity action, eq. (3.14), and S_m[H, χ] stands for the mass term S_m[H, χ] = − 1 2 m^2 ∫ d^8z H^aH_a + 1 2 γm^2 ∫ d^6z χ^αχ_α + 1 2 γ^∗m^2 ∫ d^6z̄ χ̄_{α̇}χ̄^{α̇} , (B.1)

with γ a complex parameter. The latter should be determined from the requirement that the equations of motion □ [ Π^T_{3/2} − 2Π^T_{1/2} ] H_a − m^2H_a + 1 2 [D_α, D_{α̇}]U = 0 , (B.2) 1 8 D^2D_α[D_β , D_{β̇}]H^b + 3 4 D^2D_αU + m^2γχ_α = 0 , (B.3)

be equivalent to (3.1). Since U is linear, (B.2) implies that H_a is linear, D^2H_a = 0. It is then possible to show that D^{α̇}H_a ∝ χ_α on-shell. To prove this proportionality, first contract D^{α̇} on (B.2) and use the following identities:

D^2D_β[D_α, D_{α̇}]H^a = 2iD^2D^α∂_{(α}^{α̇}H_{β)α̇} , (B.4)

□D^{α̇}Π^T_{1/2}H_a = − i 8 D^2D^δ∂_{(α}^{β̇}H_{δ)β̇} = − 1 16 D^2D_β[D_α, D_{α̇}]H^a , (B.5)

to arrive at: + 1 8 D^2D_β[D_α, D_{α̇}]H^a + 3 4 D^2D_αU − m^2D^{α̇}H_a = 0 . (B.6)

– 11 –

Substituting the first two terms with (B.3) leads to:

γχ_α + D^{α̇}H_a = 0 , (B.7)

an upon substituting for U in (B.3) by substituting (B.7) back in yields: + 1 8 D^2D_α[D_β , D_{β̇}]H^b − 3 4 1 γ D^2D_α[D^βD^{β̇} − γ γ^∗ D^{β̇}D^β]H_b + m^2γχ_α = 0 . (B.8)

This means that χ_α will vanish if γ is real and γ = 6. Equation (B.7) implies that H_a is irreducible when χ_α vanishes. This means that Π^T_{3/2}H_a = H_a and the Klein-Gordon equation is obtained from (B.2). We therefore obtain (3.15).

References

[1] L.P.S. Singh and C.R. Hagen, Lagrangian formulation for arbitrary spin, 1. The boson case, Phys. Rev. D 9 (1974) 898; Lagrangian formulation for arbitrary spin, 2. The fermion case, Phys. Rev. D 9 (1974) 910.

[2] C. Fronsdal, Massless fields with integer spin, Phys. Rev. D 18 (1978) 3624;

J. Fang and C. Fronsdal, Massless fields with half integral spin, Phys. Rev. D 18 (1978) 3630.

[3] M.A. Vasiliev, Progress in higher spin gauge theories, hep-th/0104246; Higher spin gauge theories in various dimensions, Fortschr. Phys. 52 (2004) 702 [hep-th/0401177]; D. Sorokin, Introduction to the classical theory of higher spins, hep-th/0405069; N. Bouatta, G. Compere and A. Sagnotti, An introduction to free higher-spin fields,

hep-th/0409068.

[4] I.L. Buchbinder, V.A. Krykhtin and V.D. Pershin, Consistent equations for massive spin-2 field coupled to gravity in string theory, Phys. Lett. B 466 (1999) 216 [hep-th/9908028]; L. Brink, R.R. Metsaev and M.A. Vasiliev, How massless are massless fields in AdS(d), Nucl. Phys. B 586 (2000) 183 [hep-th/0005136];

I.L. Buchbinder, A. Pashnev and M. Tsulaia, Lagrangian formulation of the massless higher integer spin fields in the AdS background, Phys. Lett. B 523 (2001) 338 [hep-th/0109067]; S. Deser and A. Waldron, Partial masslessness of higher spins in (A)dS, Nucl. Phys. B 607 (2001) 577 [hep-th/0103198];

L. Dolan, C.R. Nappi and E. Witten, Conformal operators for partially massless states, J. High Energy Phys. 10 (2001) 016 [hep-th/0109096]; A. Mikhailov, Notes on higher spin symmetries, hep-th/0201019; Y.M. Zinoviev, Massive spin-2 supermultiplets, hep-th/0206209;

D. Francia and A. Sagnotti, Free geometric equations for higher spins, Phys. Lett. B 543 (2002) 303 [hep-th/0207002];

A. Sagnotti and M. Tsulaia, On higher spins and the tensionless limit of string theory, Nucl. Phys. B 682 (2004) 83 [hep-th/0311257];

R.R. Metsaev, Massive totally symmetric fields in AdS(d), Phys. Lett. B 590 (2004) 95 [hep-th/0312297];

A.K.H. Bengtsson, An abstract interface to higher spin gauge field theory, hep-th/0403267; M.A. Vasiliev, Higher spin superalgebras in any dimension and their representations, J. High Energy Phys. 12 (2004) 046 [hep-th/0404124];

I. Bandos, P. Pasti, D. Sorokin and M. Tonin, Superfield theories in tensorial superspaces and the dynamics of higher spin fields, J. High Energy Phys. 11 (2004) 023 [hep-th/0407180];

– 12 –

M. Bianchi, Higher spin symmetry (breaking) in N = 4 SYM and holography, Comptes Rendus Physique 5 (2004) 1091 [hep-th/0409292];

I.L. Buchbinder, V.A. Krykhtin and A. Pashnev, Brst approach to lagrangian construction for fermionic massless higher spin fields, hep-th/0410215;

K.B. Alkalaev, O.V. Shaynkman and M.A. Vasiliev, Lagrangian formulation for free mixed-symmetry bosonic gauge fields in (A)dS(d), hep-th/0501108; I. Bandos, X. Bekaert, J.A. de Azcarraga, D. Sorokin and M. Tsulaia, Dynamics of higher spin fields and tensorial space, hep-th/0501113.

[5] S. M. Kuzenko, A. G. Sibiryakov and V. V. Postnikov, Massless gauge superfields of higher half integer superspins, Sov. Phys. JETP 57 (1993) 534.

[6] S. M. Kuzenko and A. G. Sibiryakov, Massless gauge superfields of higher integer superspins, Sov. Phys. JETP 57 (1993) 539.

[7] I.L. Buchbinder and S.M. Kuzenko, Ideas and methods of supersymmetry and supergravity or a walk through superspace, IOP, Bristol, 1998.

[8] S. M. Kuzenko and A. G. Sibiryakov, Free massless higher superspin superfields on the anti-de Sitter superspace, Phys. Atom. Nucl. 57 (1994) 1257;

S.J. Gates Jr., S.M. Kuzenko and A.G. Sibiryakov, N = 2 supersymmetry of higher superspin massless theories, Phys. Lett. B 412 (1997) 59 [hep-th/9609141]; Towards a unified theory of massless superfields of all superspins, Phys. Lett. B 394 (1997) 343 [hep-th/9611193].

[9] S.J. Gates Jr., M.T. Grisaru, M. Roček and W. Siegel, Superspace, or one thousand and one lessons in supersymmetry, Front.~Phys. 58 (1983) 1 [hep-th/0108200].

[10] I.L. Buchbinder, S.J. Gates Jr., W.D. Linch and J. Phillips, New 4d, N = 1 superfield theory:

model of free massive superspin-3/2 multiplet, Phys. Lett. B 535 (2002) 280 [hep-th/0201096].

[11] I.L. Buchbinder, S.J. Gates Jr., I. Linch, W.D. and J. Phillips, Dynamical superfield theory of free massive superspin-1 multiplet, Phys. Lett. B 549 (2002) 229 [hep-th/0207243].

[12] T. Gregoire, M.D. Schwartz and Y. Shadmi, Massive supergravity and deconstruction, J. High Energy Phys. 07 (2004) 029 [hep-th/0403224].

[13] N. Berkovits and M.M. Leite, First massive state of the superstring in superspace, Phys. Lett.

B 415 (1997) 144 [hep-th/9709148]; Superspace action for the first massive states of the superstring, Phys. Lett. B 454 (1999) 38 [hep-th/9812153].

[14] V.I. Ogievetsky and E. Sokatchev, Superfield equations of motion, J. Phys. A 10 (1977) 2021.

[15] S.M. Kuzenko, On massive tensor multiplets, J. High Energy Phys. 01 (2005) 041 [hep-th/0412190].

[16] S.J. Gates Jr., S.M. Kuzenko and J. Phillips, The off-shell (3/2,2) supermultiplets revisited, Phys. Lett. B 576 (2003) 97 [hep-th/0306288].

[17] E.S. Fradkin and M.A. Vasiliev, Minimal set of auxiliary fields and S-matrix for extended supergravity, Nuovo Cim. 25 (1979) 79.

[18] B. de Wit and J.W. van Holten, Multiplets of linearized SO(2) supergravity, Nucl. Phys. B 155 (1979) 530.

[19] S.J. Gates Jr. and W. Siegel, (3/2, 1) superfield of O(2) supergravity, Nucl. Phys. B 164 (1980) 484.

– 13 –

[20] V.I. Ogievetsky and E. Sokatchev, On gauge spinor superfield, Sov. Phys. JETP 23 (1976) 58. [21] S.J. Gates Jr. and R. Grimm, The spin (3/2, 1) multiplet and superspace geometry, Z. Physik C 26 (1985) 621;

S.J. Gates Jr. and V.A. Kostelecky, Supersymmetric matter gravitino multiplets, Nucl. Phys. B 248 (1984) 570.

[22] E. Sokatchev, Projection operators and supplementary conditions for superfields with an arbitrary spin, Nucl. Phys. B 99 (1975) 96.

[23] W. Siegel and S.J. Gates Jr., Superprojectors, Nucl. Phys. B 189 (1981) 295.

[24] S.J. Gates Jr. and W. Siegel, Variant superfield representations, Nucl. Phys. B 187 (1981) 389.

[25] S.J. Gates Jr. and H. Nishino, New D = 10, N = 1 supergravity coupled to Yang-Mills supermultiplet and anomaly cancellations, Phys. Lett. B 157 (1985) 157.

– 14 –